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We propose a scheme for realizing two-qubit quantum piiase gates with atoms in a thermal cavity. 
The photon-number dependent parts in the evolution operator are canceled with the assistant of 
a strong classical field. Thus the scheme is insensitive to the thermal field. In the scheme the 
detuning between the atoms and the cavity is equal to the atom-cavity coupling strength and thus 
the gates operate at a high speed, which is also important in view of decoherence. The scheme can 
be generalized to generate multiatom entangled states with a thermal cavity. 
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Recently, much attention has been paid to the quan- 
tum computers, which are based on the fundamental 
principles of quantum mechanics. The new type of ma- 
chines can solve some problems much faster than the 
classical computers, such as factorizing a large integer 
[1] and searching for an item from a disordered system 
[2]. It has been shown that the building blocks of quan- 
tum computers are two-qubit gates [3]. In cavity QED, 
schemes have been proposed for realizing quantum logic 
gates [3,4]. The ion trap is also a good system for quan- 
tum information processing [5]. Quantum logic gates 
have been demonstrated in cavity QED [6,7], ion trap 
[8], and NMR [9] experiments. 

One of the main obstacles for the implementation of 
quantum information in microwave cavity QED is the 
decoherence of the cavity field, while that in ion traps is 
the difficulty to control the collective vibrational motion 
of the ions. Recently, Schemes have been proposed for 
realizing quantum computation in ion traps via virtual 
vibrational excitations [10,11]. The schemes does not use 
the motional mode as the data bus and is insensitive to 
the vibrational states. We have proposed a scheme for 
generation of two-atom entangled states within a nonres- 
onant microwave cavity [12,13]. The scheme is insensitive 
to the thermal field and photon decay although the ef- 
fective Hamiltonian involves photon-number dependent 
Stark shifts, which are canceled if one atom is initially in 
the excited state and the other in the ground state. Fol- 
lowing our scheme, an experiment has been reported, in 
which two Rydberg atoms crossing a nonresonant cavity 
are entangled by coherent energy exchange [14]. 

In Ref. [12] we also proposed a scheme for the realiza- 
tion of quantum logic gates and atomic state teleporta- 
tion. In this case a third auxiliary atomic state is em- 
ployed so that the photon-number dependent Stark shifts 
can not be canceled. Therefore, the scheme requires that 
the cavity remain in the vacuum state throughout the 
procedure and thus is insensitive to the photon decay. 
However, it is sensitive to the thermal field, which builds 
up during the operations and relaxes to thermal equi- 
librium with the increase of the number of qubits and 



the number of operations [14]. Thus, the scheme of Ref. 
[12] is not feasible when scalability is required. In this 
paper we propose an alternative scheme for realizing two- 
qubit phase gates in cavity QED. The distinct feature of 
the present scheme is that the photon-number dependent 
parts in the evolution operator are canceled with the as- 
sistant of a strong classical driving field. Due to this fea- 
ture the scheme is insensitive to the thermal field. Unlike 
the previous scheme [12], the present scheme does not re- 
quire the detuning between the atoms and the cavity to 
be much larger than the atom-cavity coupling strength 
and thus the operation speed is greatly improved, which 
is also important in view of decoherence. Due to these 
advantages oue scheme may open promising prospects 
for complex quantum information manipulation. The 
scheme can also be used to generate multiatom entan- 
gled states with a single thermal cavity. 

We consider two identical two-level atoms simulta- 
neously interacting with a single-mode cavity field and 
driven by a classical field. In the rotating-wave approxi- 
mation, the Hamiltonian is (assuming h = 1) [15] 



H — LOqSz + LOaa'^ 
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5Ej=i,2(|ej> - {9j\), with \ej) and \gj) (j=l,2) 
being the excited and ground states of the jth atom, a+ 
and a are the creation and annihilation operators for the 
cavity mode, and g is the atom-cavity coupling strength, 
O is the Rabi frequency of the classical field, ojq is the 
atomic transition frequency, uja is the cavity frequency, 
and w is the frequency of the classical field. Assume that 
Wo = w. Then the interaction Hamiltonian, in the inter- 
action picture, is 

n. 
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6 = laJq — LOa- The free Hamiltonian u^Sz -l-WaO^a is used 
for the transformation to the interaction picture. Define 
the new atomic basis [11,15] 
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we obtain 



+,) = 4(l5,) + |e,)), \-j} = ^i\9j)-\ej)). (3) 
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Then wo can rewrite Hi as 



Hi = E,=i,2{f + ^4 - la-) 

+e'**a(a,j + i<77 - 1^+)] + Qa^j}, (4) 

where a^j = - 4 = 
and crj = . 

The time evolution of this system is decided by 
Schrodinger's equation: 

dt 
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Perform the unitary transformation 



with 



|V,(i))=e-'^<'*|V'(i)), 



Hq =0, ^ azj. 
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Then we obtain 
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where 



+e''5*a((T^j + ia7e-^^* - ifr+e'"*)]. (9) 

Assuming that Cl 6,g, we can neglect the terms 
oscillating fast. Then H^ reduces to [15] 

= Yl f(e-^'*a++e«*a)a,,,- (10) 

3 = 1,2 



where 
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The cvohition operator for Hamiltonian can be written 

in the form of [16] 

U'{t) = e-'^W'^'e"'^^*^'^»'"e"''^(*^'^"'""^. (12) 



Using the Schrodinger equation 



(13) 



m=l^^e''Ut=^^{e'''-l), (14) 
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Setting 

5t = 27r, (17) 
we have B(t)=C(t)=0. Then we have 

U'{t) = e-'^'^i, (18) 

2 

where A = |j The evolution operator of the system is 
given by 

U{t) ^ e-'"«'u' (<) = e-^"*^--*^*'^' . (19) 
It can be easily shown that [17] 

Uit) l+i) 1+2) = e-^(f^+^)* j+i) 1+2) , 

C/(t)| + l)|-2) = | + l)|-2), 

C/(0|-l)l+2) = |-l)l+2), 



-,\ = p-i(f2-A)t |_ A |_ 



f/(t)|-i)|-2)=e 



)|-2). (20) 



Choose the interaction time t and Rabi frequency fl ap- 
propriately so that 



Xt = 7r/2 



(21) 



and 
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0,t = {2k + -)7r, with k being an integer. (22) 
Then we have 

C/(t)| + l)|+2)=-| + l)|+2), 
C/(t)|+l)|-2) = | + l)|-2), 
t/(t)|-l)|+2) = |-l)|+2), 



Uit)\ 



-1/ -2 = ~1 -2 



(23) 



By this way we obtain a quantum phase gate. Setting 
S = g and gt=27r Eqs. (17) and (21) can be satisfied. We 

can choose the Rabi frequency D, appropriately to satisfy 
(22). In this case the atomic state evolution operator 
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U{t) is independent of the cavity field state, allowing it 
to be in a thermal state. In the previous seheme [12], 
it is required that 5 ^ g and g^i/(4(5) = tt. Therefore, 
the operation time in the present scheme is much shorter 
than that in the previous scheme. 

We now turn to the problem of generating multiatom 
entanglement with a thermal cavity. Multiphoton entan- 
glement has been observed and used to verify quantum 
nonlocality [18]. Schemes have been proposed for pro- 
ducing multiparticle entangled states of hot ions [19,20]. 
Following the scheme of Ref. [19] four-particle entangle- 
ment has been demonstrated in ion traps [21]. On the 
other hand, three-particle entanglement has been demon- 
strated in cavity QED [22]. However, in the experiments 
reported in Refs. [21] and [22] the fidelity of entangled 
states needs to be significantly improved in order to be 
useful for the test of quantum nonlocality and in quantum 
information processing. We have proposed an alterna- 
tive scheme for the generation of three-atom entangled 
states with a single cavity always in the vacuum state 
[23], which is insensitive to the photon decay but sen- 
sitive to thermal fields. We here show how we can do 
so with a single thermal cavity. We consider N identical 
two-level atoms simultaneously interacting with a single- 
mode cavity field and driven by a strong classical field. 
In the case St = 27r the evolution operator of the system 
is given by 

U{t) = e-'^*^''-'^*^-, (24) 

where 



1 " 

^-=2E(^/ + ^7)- (25) 

Assume that the atoms are initially in the state 
\9i92---Sn) ■ Using the representation of the operator S^, 
the atomic state \gig2---gN} and |eie2...eAr) can be ex- 
pressed as \N/2,-N/2) and \N/2,N/2). On the other 
hand, such states can be expanded in terms of the eigen- 
states of [19,24] 

N/2 

\N/2-Nl2)= Cm\N/2,M)^. (26) 

M=-N/2 

N/2 

\N/2,N/2)= Cm{-1)''/'-^\N/2,M)^. (27) 

M=-N/2 

Thus, the evolution of the system is 

N/2 

Y CMe-'^^^+^^'^'\N/2,M)^. (28) 

M=-N/2 



When N is even M is an integer. With the choice Xt = 
7r/2 and fit = 2mr we obtain 

\m) = 71 Em=-;v/2 CM[e--/4 + eW4(_i)M] |^/2, m)^ 

= -^^(e-''^/^ |iV/2, -N/2) + eW4(_i)JV/2 |^/2, N/2)). 

(29) 

On the other hand, for the case that N is odd we can 
set M = M' -I- 1/2, with M' being an integer. With the 
choice Xt = Tr/2 and ilt = (4n -|- |)7r we obtain 

\m) = e^^" EZ^Ln/2 CM[e— /4 + e-/4(-l)*^'] 
\N/2,M)^ 
= -i=e'5'^[e-''^/4|7V/2,-Af/2) 
-Fe"/4(-l)(i+^)/2 liV/2,iV/2)]. 

(30) 

By this way we obtain multiatom Greenberger-Horne- 
Zeilinger states [25] , which is useful for test of quantum 
mechanics. 

It should be noted that though the atomic state evolu- 
tion is independent of the thermal photons of cavity field 
after a period t decided by Eq. (17), the atomic system is 
entangled with the cavity mode during the atom-cavity 
interaction. Therefore, it is required that the cavity de- 
cay is negligible diiring the interaction. In the experiment 
reported in Ref. [14] the atom-cavity coupling strength 
is about g = 2-KX 50kHz and thus the interaction time is 
on the order of ir/g ~ 10~^s. The photon decay time is 
Tc ~ 10~'^s, much longer than the interaction time. Af- 
ter the interaction, the atoms are disentangled with the 
cavity field and then the cavity decay will not affect the 
gate operation. 

In order to derive Eq. (10) we have assumed that O 
5, g and thus discarded the terms 

+e*''*a(ia7e-'"* - ^a+e*™)]. (31) 

These terms induce Stark shifts on the states \+j) and 
\—j) . The Stark shifts for and \—j) arc on the 

order of g'^/{lQfl) and — ^^/(lOO), respectively. We 
here take an example to estimate the error introduced 
by the Stark shifts. For the generation of two-atom 
maximally entangled state the fidelity is decreased by 
AFi ~ 1 - i{l cos[gH/{5n)]Y. Setting Q. = 55, We 
have Ai^i ~ 0.03. 

The present scheme requires that two atoms be simul- 
taneously sent through a cavity, otherwise there will be 
an error. Assume that during the generation of two-atom 
maximally entangled state one atom enters the cavity 
O.Oli sooner than another atom. In this case the fidelity 
is decreased by AF^ ~ sin^{Qmnt/2) + si'n?{{)mXt) ~ 



4 



0.02. Suppose the fluctuation of the Rabi frequency is 
An = O.Olil. This fluctuation also decreases the fidelity 
by AF3 ~ sin'^{0.0mt/2) ~ 0.02. 

In conclusion, we have proposed a scheme for realiz- 
ing two-qubit phase gates in cavity QED. The scheme is 
insensitive to the thermal field and works in a fast way, 
which is of importance from the experimental point of 
view. Our scheme may offer a viable way to built a scal- 
able quantum computer. Our scheme can also be used to 



produce multiatom entangled states with a single ther- 
mal cavity. 
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